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The transport and dynamics of an isolated liquid oxygen (LOX) droplet in a
supercritical hydrogen stream has been numerically studied based on the complete
conservation equations in axisymmetric coordinates. The approach employs a unified
treatment of general fluid thermodynamics and transport, and accommodates rapid
variations of fluid properties in the transcritical regime. Surface tension of the droplet
is ignored in consistency with the supercritical thermodynamic condition. The analysis
allows for a systematic investigation into droplet behaviour over broad ranges of
fluid thermodynamic states and ambient flow conditions. Detailed flow structures
and transport phenomena are examined to reveal various key mechanisms underlying
droplet vaporization in a supercritical forced convective environment. In addition,
correlations of droplet lifetime and drag coefficient are established in terms of fluid
properties, pressure, and free-stream Reynolds number.

1. Introduction
Supercritical droplet vaporization and combustion has long been of serious

concern in the development of high-pressure combustion devices, such as diesel,
liquid-propellant rocket and gas-turbine engines. The fuel, initially delivered to the
combustion chamber at a subcritical temperature, heats up rapidly owing to energy
transfer from the ambience and eventually reaches its supercritical state. The process
inherently involves an array of intricate phenomena, which conventional droplet
theories developed for low-pressure conditions cannot handle properly (Bellan 2000;
Yang 2000).

Most previous studies of supercritical droplet vaporization (Hsieh, Shuen & Yang
1991; Shuen, Yang & Hsiao 1992; Delplanque & Sirignano 1993; Yang, Lin & Shuen
1994; Lafon 1995; Harstad & Bellan 1998) focused on droplet behaviour at quiescent
conditions. Effects of free-stream velocity on droplet vaporization and dynamics
in forced-convective environments have not been addressed in detail. Daou &
Rogg (1998) numerically studied fuel droplet combustion in supercritical convective
environments. The droplet was assumed to reach its supercritical state immediately
upon being injected into the combustion chamber. The fluid volumetric properties
were further assumed to obey the ideal gas law, with all the other thermophysical
properties treated as constants. The approach ignored many salient features of
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Figure 1. Schematic diagram of droplet vaporization in forced convective environment.

supercritical droplet vaporization, such as thermodynamic non-idealities and transport
anomalies during the transition from a subcritical to a supercritical state.

The present work attempts to conduct a comprehensive investigation into liquid
oxygen (LOX) droplet vaporization in supercritical hydrogen streams over a broad
range of pressure (100–400 atm) and Reynolds number (2.5–300). The approach is
based on a unified treatment of general fluid thermodynamics and a robust precondi-
tioning numerical scheme (Meng & Yang 2003). Rapid variations of fluid properties
in the transcritical regime are accommodated, whereas the surface tension of the
droplet is neglected in consistency with the supercritical thermodynamic condition.
Various fundamental issues associated with droplet dynamics and related transport
phenomena at high pressures are examined systematically, with emphasis placed on the
distinct characteristics of cryogenic fluids. Correlations of the mass and momentum
transfer between droplet and free stream are established in terms of droplet thermo-
dynamic state and ambient flow conditions. The results can be used effectively as a
physical submodel for high-pressure spray combustion analyses.

2. Theoretical formulation
The physical model of interest includes an isolated LOX droplet vaporizing in a

supercritical hydrogen stream, as shown in figure 1. The initial droplet temperature
is uniformly distributed at a subcritical value, but the pressure and temperature of
the ambient hydrogen are in the supercritical regime of oxygen. Once the droplet
is injected into the flow, its surface heats up and soon reaches the thermodynamic
critical mixing state owing to the cryogenic fluid properties of oxygen and rapid
energy transfer. For example, if the initial temperature of the droplet is 100 K and the
ambient pressure is 100 atm, the droplet surface may reach the critical mixing state in
a short time span with less than 5% of the mass evaporated (Yang et al. 1994; Lafon
1995). The process becomes even faster with increasing ambient pressures. Table 1
shows the effects of pressure on the critical mixing properties for the binary O2/H2

system (Yang et al. 1994). The critical mixing temperature is lower than the critical
temperature of pure oxygen (i.e. 154.6 K), and decreases with increasing pressure.
The mass fraction of hydrogen at the critical mixing state, however, increases with
increasing pressure.

Prior to the occurrence of thermodynamic criticality, the droplet surface conditions
can be determined by the conservation of mass and energy across the surface along
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Pressure Critical mixing Critical mixing
(atm) temperature (K) composition of O2

100 142.8 0.735
200 127.2 0.561
400 116.0 0.496

Table 1. Critical mixing properties of O2/H2 system.

with the assumption of thermodynamic phase equilibrium. Once the critical mixing
state is reached at the surface, the enthalpy of vaporization and surface tension vanish.
The entire flow field (including both the oxygen droplet and surrounding hydrogen)
becomes essentially a continuous medium, and no well-defined liquid/gas interfacial
boundary exists, as for a subcritical droplet. The droplet interior, however, still
remains at the liquid state with a subcritical temperature distribution. The subsequent
droplet evolution is diffusion controlled, and the effect of interphase thermodynamics
disappears. Since thermal penetration proceeds at a rate faster than mass diffusion
at supercritical conditions, the critical mixing temperature and composition cannot
be sustained at the same location, as discussed in detail in § 5.1. The droplet can be
conveniently defined as the dense fluid pocket enclosed with the surface that attains
the critical mixing temperature. It should be emphasized that the supercritical droplet
is different from its subcritical counterpart in that the surface tension and enthalpy
of vaporization vanish at the droplet surface.

Owing to the cryogenic fluid properties of oxygen, the droplet reaches its thermo-
dynamic critical mixing state almost instantaneously upon introduction into the
hydrogen flow under most practical conditions. A single-phase supercritical fluid
model is therefore used herein to facilitate numerical analysis. The flow field is assumed
to be laminar and axisymmetric owing to the low-Reynolds-number conditions of
concern. If body forces and thermal radiation are ignored, the conservation laws of
mass, momentum, energy and species concentration can be written in the following
vector form:

∂Q
∂t

+
∂(E − Ev)

∂x
+

∂(F − Fv)

∂r
= S, (2.1)

where x and r represent the axial and radial coordinates, respectively. The independent
variable vector Q is defined as

Q = r[ ρ ρux ρur ρet ρYi ]
T , (2.2)

where superscript T denotes the transpose of the vector. Standard notation in
fluid mechanics is used here, with ρ, (ux, ur ), et and Yi being the density, velocity
components, specific total energy and mass fraction of species i, respectively. The
convective-flux vectors, E and F, in the axial and radial directions, respectively, take
the forms

E = r
[
ρux ρu2

x + p ρuxur (ρet + p)ux ρuxYi

]T
, (2.3)

F = r
[
ρur ρuxur ρu2

r + p (ρet + p)ur ρurYi

]T
. (2.4)

The corresponding diffusion-flux vectors are

Ev = r[0 τxx τxr uxτxx + urτxr − qx −ρûiYi]
T , (2.5)
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Fv = r[0 τxr τrr uxτxr + urτrr − qr −ρv̂iYi]
T, (2.6)

where ûi and v̂i are the mass diffusion velocities of species i in the axial and radial
directions, respectively. In the above equations, the normal and shear stresses are
given as

τxx = µ

(
4

3

∂ux

∂x
− 2

3

∂ur

∂r

)
, (2.7a)

τrr = µ

(
4

3

∂ur

∂r
− 2

3

∂ux

∂x

)
, (2.7b)

τxr = µ

(
∂ur

∂x
+

∂ux

∂r

)
, (2.7c)

where µ represents the dynamic viscosity. For convenience in the numerical treatment,
the viscous terms are re-organized, and those terms related to axisymmetric geometry
are considered as source terms, as presented in (2.13). The effect of the second (i.e.
bulk) viscosity is ignored in the above formulation owing to the lack of reliable data
within the range of fluid thermodynamic states of concern. It is worth noting that
the stress terms associated with the second viscosity probably become significant for
a supercritical fluid in which volume dilation plays an important role in dictating the
flow evolution. This issue remains to be further investigated.

The thermal diffusion terms contain contributions from heat conduction and mass
diffusion.

qx = −λ
∂T

∂x
+ ρ

N∑
i=1

h̄iYi ûi , qr = −λ
∂T

∂r
+ ρ

N∑
i=1

h̄iYi v̂i , (2.8)

where T is the temperature, λ the thermal conductivity, and h̄i the partial-mass
enthalpy of species i. For a general fluid mixture at a specified state, the properties of
each constituent component, such as the specific enthalpy in (2.8), should be defined
based on the concept of partial properties. According to classical thermodynamic
theories, a partial-mass property is defined as

φ̄i =

(
∂mφ

∂mi

)
T ,p,mj �=i

, (2.9)

where m is the total mass of the mixture and φ the specific property per unit mass
of a fluid mixture (Meng & Yang 2003). The indices, i and j , range from 1 to N. To
facilitate numerical treatment, a partial-density property is also defined

φ̃i =

(
∂ρφ

∂ρi

)
T ,ρj �=i

. (2.10)

The partial-mass and partial-density enthalpy of species i can thus be expressed as

h̄i =

(
∂mh

∂mi

)
T ,p,mj �=i

, (2.11a)

h̃i =

(
∂ρh

∂ρi

)
T ,ρj �=i

. (2.11b)
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The mass diffusion velocities consist of contributions from both concentration (i.e.
Fick’s law) and temperature (i.e. Soret effect) gradients.

Yiûi = −Dim

∂Yi

∂x
− DT

i

ρT

∂T

∂x
, Yiv̂i = −Dim

∂Yi

∂r
− DT

i

ρT

∂T

∂r
, (2.12)

where Dim is the effective mass diffusion coefficient of species i, and DT
i is the

multi-component thermal diffusion coefficient.
The source term in (2.1), S, arises from axisymmetric geometry and can be written

as

S =




0

− ∂

∂x

(
2
3
µur

)
p−4

3

µur

r
+

2

3
µ

∂ux

∂x
− 2

3
ur

∂µ

∂r

− ∂

∂x

(
2
3
µuxur

)
− ∂

∂r

(
2
3
µu2

r

)
0




. (2.13)

3. Property evaluation
3.1. Thermodynamic properties

One major challenge in the analysis of supercritical droplet behaviour is the establish-
ment of a unified property evaluation scheme capable of treating thermodynamic
properties of pure substances and mixtures over the entire fluid thermodynamic
states from compressed liquid to dilute gas. At high pressures, models normally
used to represent ideal-gas behaviour may encounter significant difficulties. From
the microscopic point of view, the intermolecular mean free paths tend to decrease
with increasing pressure, and consequently the molecular volume and intermolecular
forces are no longer negligible as in the case for idealized fluids. For convenience,
each property can be expressed as the sum of an ideal-gas property at the same
temperature and a thermodynamic departure function, which takes into account the
dense-fluid correction (Yang 2000). For example, the specific internal energy of a
general fluid mixture can be expressed as

e(T , ρ) = e0(T ) +

∫ ρ

ρ0

[
p

ρ2
− T

ρ2

(
∂p

∂T

)
ρ

]
T

dρ, (3.1)

where subscript 0 represents a reference thermodynamic state in the limit of an ideal
gas.

The general approach outlined above can be applied to any equation of state. In
the current study, a modified Soave–Redlich–Kwong (SRK) equation of state is used
to represent the fluid p-V-T behaviour because of its validity over a broad range of
thermodynamic states (Graboski & Daubert 1978a, b, 1979). The SRK equation of
state takes the form

p =
ρRuT

(Mw − bρ)
− aα

Mw

ρ2

(Mw + bρ)
, (3.2)

where Ru is the universal gas constant and Mw the molecular weight of a fluid
mixture. The two parameters, a and b, account for the effects of attractive and
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repulsive forces among molecules, respectively. The third parameter, α, is a function
of temperature.

Based on the SRK equation of state, the specific internal energy of a general fluid
mixture is derived as

e (T , ρ) = e0(T )+
T 2

bMw

(
∂aα/T

∂T

)
ρ,Yi

ln

(
Mw + bρ

Mw + bρ0

)
. (3.3)

Substituting (3.3) into (2.10) yields the partial-density internal energy of species i

ẽi = ei,0 +
2

bMwi

[
N∑
j

Xj

(
T

∂

∂T
(aijαij ) − aijαij

)]
ln

(
Mw + bρ

Mw + bρ0

)

+
bi

bMwi

[
T

∂

∂T
(aα) − aα

] [
ρ

Mw + bρ
− 1

b
ln

(
Mw + bρ

Mw + bρ0

)]
, (3.4)

where N is the number of species in the mixture and Xi is the mole fraction of species
i. A relationship for the partial-mass enthalpy, h̄i , exists

h̄i = ẽi +

(
∂p

∂ρi

)
T ,ρj �=i

[
1 − ρ

(
∂h

∂p

)
T ,Yj

]
. (3.5)

The constant-volume heat capacity is derived as

Cv = Cv,0+
T

bMw

∂2

∂T 2
(aα) ln

(
Mw + bρ

Mw + bρ0

)
. (3.6)

Details of the above derivations and the related partial derivatives can be found in
Meng & Yang (2003).

3.2. Transport properties

Accurate evaluation of transport properties is crucial for the study of supercritical
fluid behaviour. The extended corresponding-state (ECS) principle of Ely & Hanley
(1981, 1983) is used herein to estimate the viscosity and thermal conductivity of
a mixture over its entire fluid thermodynamic state. The basic idea of the ECS
principle is to assume that the properties of a single-phase fluid can be evaluated via
conformal mappings of temperature and density to those of a given reference fluid.
For a multicomponent system, accounting for changes in properties due to mixing
is much more complicated. A pseudo pure-substance model is adopted to evaluate
the properties of a mixture, treating the mixture as a single-phase pure substance
with its own set of properties evaluated via the ECS principle. This method improves
prediction accuracy and requires only limited data (i.e. critical properties and Pitzer’s
accentric factor) for each constituent component. According to the corresponding-
state principle, a transport property of a fluid mixture can be expressed as

ηx(T , ρ) = η0(T0, ρ0)Fη, (3.7)

where subscript x refers to the fluid of interest, and 0 to the reference fluid. The
parameter Fη represents the mapping function.

Viscosity

Estimation of the viscosity of a fluid mixture can be made by means of the
corresponding-state method described in the preceding section.

µx(T , ρ) = µ0(T0, ρ0)Fµχµ. (3.8)
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The quantity χµ is a correction factor accounting for the effect of non-correspondence.
Its magnitude is always close to unity, based on the modified Enskog theory (Ely
1981). In the present work, methane is chosen as the reference fluid because of the
availability of reliable data correlated over a wide range of experimental conditions.
The result shows excellent agreement over the entire fluid state, from compressed
liquid to dilute gas.

It is generally accepted that viscosity and thermal conductivity can be divided into
three contributions and correlated in terms of density and temperature (Vesovic &
Wakeham 1991). For instance, the viscosity of the reference fluid can be written as

µ0 (ρ0, T0) = µ0
0 (T0) + �µexc

0 (ρ0, T0) + �µcrit
0 (ρ0, T0). (3.9)

The first term on the right-hand side represents the value in the dilute-gas limit, which
is independent of density and can be accurately predicted by kinetic theories (Ely &
Hanley 1981, 1983). The second term is the excess viscosity which, with the exclusion
of unusual variations near the critical point, characterizes the deviation from µ0 for a
dense fluid. The third term refers to the critical enhancement which accounts for the
anomalous increase above the background viscosity (i.e. the sum of µ0

0 and �µexc
0 ) as

the critical point is approached. The theory of non-classical critical behaviour predicts
that, in general, properties that diverge strongly in pure fluids near the critical points
will diverge only weakly in mixtures because of the different physical criteria for
criticality in a pure fluid and a mixture (Levelt Sengers 1991). Because the effect of
critical enhancement is not well-defined for a mixture and is likely to be small, the
third term �µcrit

0 is not considered in the existing analyses of supercritical droplet
vaporization.

Thermal conductivity

Evaluation of thermal conductivity must be conducted carefully for two reasons.
First, the one-fluid model must ignore the contribution of diffusion to thermal conduc-
tivity. Secondly, the effect of internal degrees of freedom on thermal conductivity
cannot be correctly taken into account by the corresponding-state argument. As a
result, thermal conductivity of a pure substance or mixture is generally divided into
two contributions (Ely & Hanley 1983),

λx(ρ, T ) = λ′
x(T , ρ) + λ′′

x(T ). (3.10)

The former, λ′
x(T , ρ), arises from molecular collision or translation, while the latter,

λ′′
x(T ), is due to the effects of energy transfer via the internal degrees of freedom. The

collision/translation contribution is evaluated using the extended corresponding-state
method,

λ′
x(T , ρ) = λ′

0(T0, ρ0)Fλχλ, (3.11)

whereFλ is the scaling factor identical to that used in (3.8) for mixture viscosity. A
small correction factor χλ is used to compensate the non-correspondence behaviour,
and can be estimated using the modified Enskog theory and fluid p-V-T properties.
The quantity of a reference fluid, λ′

0(T0, ρ0), can be further divided into three parts:

λ′
0 (ρ0, T0) = λ∗

0(T ) + �λexc
0 (ρ0, T0) + �λcrit

0 (ρ0, T0) , (3.12)

where λ∗
0(T ) is the value in the dilute-gas limit, �λexc

0 the excess thermal conductivity,
and �λcrit

0 the critical enhancement. Since the effect of the anomalous variation of
thermal conductivity appears to be small for a mixture near its critical locus, the
critical enhancement, �λcrit

0 , is not accounted for in the present work.
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The contribution of internal degrees of freedom, λ′′
x(T ), can be evaluated via a

semi-empirical mixing rule

λ′′
x(T ) =

N∑
i

N∑
j

XiXjλ
′′
ij (T ), (3.13)

where λ′′
ij (T ) is a binary thermal conductivity defined as

(λ′′
ij )

−1 = 2[(λ′′
i )

−1 + (λ′′
j )

−1]. (3.14)

The internal contribution of component i is calculated by the modified Eucken cor-
relation (Ely & Hanley 1983) for polyatomic gases as

λ′′
i Mwi

µ
g
i

= 1.32
(
C

g
p,i − 5

2
Ru

)
, (3.15)

where the properties µ
g
i and C

g
p,i are the dilute-gas viscosity and ideal-gas heat

capacity of component i, respectively, and Ru the universal gas constant.

Mass diffusivity

Estimation of the binary mass diffusivity for a fluid mixture at high density
represents a more challenging task than evaluating the other transport properties,
owing to the lack of a formal theory or even a theoretically based correlation.
Takahashi (1974) has suggested a simple scheme for predicting the binary mass
diffusivity of a dense fluid by means of a corresponding-state approach. This scheme
appears to be the most complete to date, and has demonstrated moderate success in
the limited number of tests conducted. The approach proceeds in two steps. First, the
binary mass diffusivity of a dilute gas is determined using an empirical correlation,
such as that of Fuller (Reid, Prausnitz & Poling 1987).

Dij =
0.00143T 1.75

pMw
1/2
ij

[
(Σv)

1/3
i + (Σv)

1/3
j

]2
, (3.16)

where Dij is the binary mass diffusivity, Mwij the combined molecular weight, and
Σv the summation of atomic diffusion volumes, as tabulated in Reid et al. (1987,
table 11-1). The calculated data are then corrected in accordance with a generalized
chart in terms of reduced temperature and pressure.

Dijp

(Dijp)+
= f (Tr, pr ), (3.17)

where superscript + indicates the low-density value as given in (3.16). The function
f (Tr, pr ) represents a scaling factor of pressure, which is tabulated by Takahashi and
also shown in Reid et al. (1987, figure 11-3).

Table 2 lists the thermophysical properties of a binary mixture comprising of 50%
of hydrogen and 50% of oxygen at three different pressures of 1, 100 and 400 atm.
The effects of pressure on fluid properties are clearly demonstrated.

4. Numerical algorithm
Droplet vaporization and combustion typically involve fluid motions in a velocity

range from molecular diffusion to low subsonic speed. Contemporary numerical
algorithms developed for compressible flows are often ineffective at such low-velocity
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1 atm 100 atm 400 atm

Density (kgm−3) 1.03 × 100 1.04 × 102 3.26 × 102

Heat capacity (J kg−1 K−1) 1.68 × 103 2.01 × 103 2.27 × 103

Thermal conductivity (Wm−1 K−1) 3.88 × 10−2 5.38 × 10−2 9.76 × 10−2

Viscosity (N s m−2) 1.34 × 10−5 1.49 × 10−5 2.25 × 10−5

Mass diffusivity (m2 s−1) 4.04 × 10−5 3.88 × 10−7 9.92 × 10−8

Prandtl number 5.81 × 10−1 5.55 × 10−1 5.23 × 10−1

Schmidt number 3.20 × 10−1 3.70 × 10−1 6.96 × 10−1

Lewis number 5.51 × 10−1 6.67 × 10−1 1.33 × 10−0

Table 2. Effects of pressure on thermophysical properties of hydrogen/oxygen mixture (50%
of H2 and 50% of O2 in molar fraction) at 200K.

conditions. There are two well-recognized reasons for this difficulty (Choi & Merkle
1993). First, the eigenvalues of the system become disparate at low flow velocities,
thereby adversely affecting the convergence characteristics of numerical solutions.
Secondly, the pressure terms in the momentum equations become singular as the
Mach number approaches zero and consequently result in a large round-off error. In
order to circumvent the above computational difficulties, a preconditioning scheme
along with a dual time-stepping integration method (Shuen, Chen & Choi 1993;
Hsieh & Yang 1997) has been developed. The scheme is established in two steps.
First, rescaled pressure terms are used in the momentum equations to minimize
round-off errors at low Mach numbers. The second step incorporates a set of well-
conditioned artificial terms into the conservation laws to enhance numerical efficiency
and stability. An iterative procedure is then followed to achieve a converged solution
in the pseudo-time domain, which corresponds to a temporal-accurate solution in the
physical-time domain. The resulting governing equations are written as

Γ
∂Q̂
∂τ

+
∂Q
∂t

+
∂(E − Ev)

∂x
+

∂(F − Fv)

∂r
= S, (4.1)

where τ represents the pseudo time and Γ is the preconditioning matrix. The pseudo-

time variable vector Q̂ is defined as

Q̂ = r[pg ux ur h Yi]
T , (4.2)

where pg is the gauge pressure resulting from pressure decomposition.
One major advantage of the dual time-stepping integration method is that the

convergence of the iterative process is determined by the rescaled eigenvalues in the
pseudo-time domain, not by the original eigenvalues, which become disparate at low
flow velocity. This feature allows flexibility in selecting the time steps in both the
pseudo- and physical-time frames. The physical-time step is determined based on the
characteristic evolution of the unsteady flow under consideration, while the pseudo-
time step depends on the numerical stability of the algorithm and can be adjusted to
obtain optimum convergence.

The preconditioning scheme is further equipped with the unified treatment of
general fluid thermodynamics outlined in the preceding sections. The analysis is
based on the concepts of partial-mass and partial-density properties, as defined in
(2.9) and (2.10). All of the thermodynamic properties and numerical Jacobian matrices
are derived directly from fundamental thermodynamics theories, rendering a robust
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algorithm valid for fluid flows at all speeds and at all thermodynamic states. Details
of the overall numerical algorithm are given in Meng & Yang (2003).

5. Results and discussions
The theoretical model and numerical scheme described in the preceding sections

have been validated against several test problems involving vaporization of n-heptane
droplets in high-pressure quiescent nitrogen gas environments (Meng & Yang 2003)
and supercritical fluid jet dynamics (Zong et al. 2004). After validation, the analysis
was applied to study the vaporization characteristics of liquid oxygen (LOX) droplets
in supercritical hydrogen streams. At t = 0 ms, a droplet is suddenly released in the
hydrogen stream, as shown in figure 1. The ambient hydrogen temperature was
taken to be 1000 K. The initial droplet temperature of 100 K corresponds to the
LOX injection temperature in many operational rocket engines, such as the Space
Shuttle main engines and the Vulcain engines used in the Ariane 5 launch vehicles.
In order to examine the effects of ambient flow conditions on droplet behaviour and
associated transport phenomena, a parametric study covering a wide range of pressure
(100–400 atm) and velocity (0.1–20 m s−1) was conducted. The present numerical
investigation focuses on axisymmetric flow conditions, with the corresponding free-
stream Reynolds numbers based on the initial droplet diameter (Re = U∞D0/ν∞) less
than 300. The present analysis is intended to explore the fundamental physics of
supercritical droplet transport and dynamics.

Within the pressure range of the current interest, the droplet initial temperature is
slightly lower than the critical mixing temperature of the oxygen/hydrogen binary mix-
ture (e.g. Tc = 142.79 K at p = 100 atm). Thermodynamic criticality is reached at the
droplet surface almost instantaneously upon introduction of the droplet into the hy-
drogen stream with less than 5% of the oxygen mass evaporated, owing to rapid heat
transfer from the ambient flow (Yang et al. 1994; Lafon 1995). Once this occurs, the
liquid and gas phases coexist on the droplet surface at the critical mixing state. The
enthalpy of vaporization and surface tension reduce to zero, and the mixture properties
as well as their spatial gradients vary continuously across the surface. The droplet
interior, however, still remains at the liquid state with a subcritical temperature
distribution. The subsequent vaporization process becomes diffusion/convection
controlled, and the effect of interfacial thermodynamics disappears.

5.1. Effects of ambient pressure and velocity on droplet and flow evolution

Calculations were first carried out for the initial droplet diameter of 100 µm under
various flow conditions. Figure 2 shows six frames of isotherms and isopleths of
oxygen concentration at a convective velocity of 2.5 m s−1 and an ambient pressure
of 100 atm. The free-stream Reynolds number Re is 31, based on the initial droplet
diameter. Soon after the introduction of the droplet into the hydrogen stream, the
flow adjusts to form a boundary layer near the surface. The vaporized oxygen
cannot accumulate on the front surface of the droplet, and is carried downstream
through convection and mass diffusion. The evolution of the temperature field exhibits
features distinct from that of the concentration field owing to the disparate time scales
associated with thermal and mass diffusion processes (i.e. the Lewis number Le �=1,
where Le= λ/ρCpDim). The thermal wave penetrates into the droplet interior faster
than the surrounding hydrogen species does. Since the liquid core possesses large
momentum inertia and moves more slowly than the vaporized oxygen, at t =0.79 ms,
the droplet (delineated by the dark region in the temperature contours) reveals an
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Figure 2. LOX droplet vaporization in supercritical hydrogen flow; p = 100 atm,
U∞ = 2.5 m s−1, D0 = 100 µm.
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Figure 3. LOX droplet vaporization in supercritical hydrogen flow; p = 400 atm,
U∞ = 2.5 m s−1, D0 = 100 µm.

olive shape while the oxygen concentration contours deform into a crescent shape
with the edge bent to the streamwise direction. At t = 1.08 ms, the subcritical liquid
core disappears, leaving behind a puff of dense oxygen fluid which is convected further
downstream with increasing velocity until it reaches the momentum equilibrium with
the ambient hydrogen flow.

Figure 3 presents droplet evolution at an ambient pressure of 400 atm. The free-
stream velocity remains at 2.5 m s−1. The effect of pressure on droplet dynamics
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(a) (b)

(c) (d)

Figure 4. LOX droplet vaporization in supercritical hydrogen flow for p = 100 atm and
D0 = 100 µm: (a) spherical mode; U∞ = 0.2 m s−1, t =0.61 ms; (b) deformation mode; U∞ =
1.5m s−1, t =0.61 ms; (c) stripping mode; U∞ = 5 m s−1, t = 0.17 ms; (d) penetration mode;
U∞ =15m s−1, t =0.17 ms.

can be determined by direct comparison with figure 2. Several distinct phenomena
are observed. First, the droplet deformation is enhanced with increasing ambient
pressure. Here, the Reynolds number is 3.75 times larger than that at 100 atm. The
hydrogen stream carries higher momentum and exerts stronger force on the droplet,
and, as such, promotes its deformation. Secondly, the droplet lifetime decreases with
increasing ambient pressure because the higher convective momentum increases the
contact surface exposed to the hot stream, thereby facilitating the transfer of thermal
energy to the droplet. Thirdly, the increased ambient pressure enhances the gradients
of temperature and oxygen concentration. Although the blowing effect due to droplet
vaporization is stronger at high pressure, the large momentum transfer reduces the
convective residence time and forms a thinner boundary layer near the surface.

Figure 4 summarizes the streamline patterns and oxygen concentration contours of
the four different modes commonly observed in supercritical droplet vaporization. The
droplet may remain in a spherical configuration, deform to an olive shape, or even be
shattered into fragments, depending on the local flow conditions. Unlike low-pressure
cases, in which the large shear stress at the gas–liquid interface induces internal
flow circulation in the liquid core (Prakash & Sirignano 1978, 1980), no discernible
recirculation takes place in the droplet interior, regardless of the Reynolds number
and deformation mode. This may be attributed to the vanished surface tension at
supercritical conditions. In addition, the droplet regresses so fast that a fluid element
in the interfacial region may not acquire the time sufficient for establishing an internal
vortical flow before it vaporizes. The rapid deformation of the droplet configuration
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Time = 0 µs  110 µs 164 µs 189 µs 346 µs 417 µs 465 µs 633 µs

Time = 0 µs  49 µs 86 µs 110 µs 128 µs 146 µs 158 µs 170 µs

Figure 5. Effect of ambient velocity on evolution of droplet critical surfaces, LOX/H2 system
with p = 100 atm and D0 = 100 µm. (a) U∞ =2.5 m s−1, (b) 5m s−1, (c) 15m s−1. —, critical
mixing temperature; - - -, critical mixing composition.

further precludes the generation of stationary shear stress in the liquid core and
consequently restricts the development of a recirculation pattern.

The spherical mode shown in figure 4(a) typically occurs at very low Reynolds
numbers. Although flow separation is encouraged by LOX vaporization, no
recirculating eddy is found in the wake behind the droplet. The vorticity generated is
too weak to form any confined eddy. When the ambient velocity increases to 1.5 m s−1,
the droplet deforms into an olive shape with a recirculating ring attached behind it, as
shown in figure 4(b). Owing to droplet deformation and vaporization, the threshold
Reynolds number above which the recirculating eddy forms is considerably lower
than that for a hard sphere. The latter case requires a minimum Reynolds number
of 20, based on the numerical results of LeClair, Hamielec & Pruppacher (1970) and
Dennis & Walker (1971). Figure 4(c) depicts the flow structure with viscous stripping
at an ambient velocity of 5 m s−1, showing an oblate droplet with a stretched vortex
ring. The flattened edge of the droplet enhances the strength of the recirculating
eddies and, as such, dramatically increases the viscous shear stress. Consequently, a
thin sheet of fluid is stripped off from the edge of the droplet and swept toward the
outer boundary of the recirculating eddy. At a very high ambient velocity of 15 m s−1,
droplet fragmentation takes place, as clearly shown in figure 4(d). The hydrogen flow
penetrates through the liquid phase, and divides the droplet into two parts: the core
disk and the surrounding ring. The vortical structure in the wake region expands
substantially as a result of the strong shear stress.

As a result of the difference between mass and thermal diffusivity, the critical
mixing state cannot be sustained on the droplet surface after the occurrence of
thermodynamic criticality. The surface which attains the critical mixing temperature
usually regresses faster than that based on the critical mixing composition. Figure 5
shows the temporal evolution of these two types of critical surfaces under various
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Time = 0 µs  178 µs 266 µs 356 µs 428 µs 500 µs 536 µs 1004 µs

Time = 0 µs  120 µs 186 µs 249 µs 326 µs 419 µs 477 µs 777 µs

Figure 6. Effect of ambient pressure on evolution of droplet critical surfaces, LOX/H2 system
with U∞ = 2.5 m s−1 and D0 = 100 µm. (a) p = 100 atm, (b) 200 atm, (c) 400 atm. —, critical
mixing temperature; - - -, critical mixing composition.

flow conditions at p =100 atm. The initial droplet diameter is 100 µm. The solid
lines represent the instantaneous isotherms of the critical mixing temperature, while
the dashed lines mark the surfaces of the critical mixing composition. The values
of critical mixing properties can be obtained through a phase-equilibrium analysis
(Yang et al. 1994) and are given in table 1. Droplet deformation is substantially
enhanced by increasing the momentum of the ambient flow. For example, at half of
the droplet lifetime, the droplet aspect ratio based on the surface of the critical mixing
temperature (defined as the ratio of the length in the radial direction to the thickness in
the axis of symmetry) increases from 2.1 at U∞ = 2.5m s−1 to 3.2 at U∞ = 5 m s−1. The
effects of pressure on the evolution of the critical surfaces are illustrated in figure 6.
In addition to enhanced droplet deformation, entrainment of vaporized oxygen into
the recirculating eddies in the wake region is augmented with increasing pressure. At
p = 400 atm, the iso-composition skirt even exhibits oscillatory motion. The gaseous
oxygen entrapped by the recirculating flow tends to move forward and drives the
skirt to expand in the cross-stream direction. The convective flow, on the other hand,
suppresses this lateral expansion and forces the skirt to bend and stretch downstream.
As a result, more oxygen is trapped into the recirculating eddies, leading to another
locomotion.

The transient development of the flow field and droplet evolution can be studied
by plotting the instantaneous streamline patterns and temperature field. Figure 7
shows the case for an ambient pressure of 100 atm and velocity of 2.5 m s−1, where the
reference x-coordinate moves at the mass-averaged droplet velocity. The initial droplet
diameter is 50 µm. In this low-Reynolds-number case (Re ≈ 15), the incoming flow
passes smoothly over the droplet. There is no recirculating zone behind the droplet
at any point in its lifetime; only a stagnant point exists in front of the droplet. The
situation, however, becomes drastically different when the incoming velocity increases
to 20m s−1 (Re ≈ 120), as shown in figure 8. A recirculating eddy, which continuously
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Figure 7. Temporal evolution of temperature and flow fields of LOX droplet vaporization in
supercritical hydrogen stream; p = 100 atm, U∞ = 2.5 m s−1, D0 = 50 µm. (a) t = 20 µs, (b) 200 µs,
(c) 400 µs.

grows during the vaporization process, appears behind the droplet, and the stagnation
point in front of the droplet moves closer to the droplet surface, owing to the stronger
aerodynamic force from the incoming hydrogen flow.

Two mechanisms for the formation of a recirculating wake behind a bluff body
have been identified (Dandy & Leal 1986; Leal 1989): vorticity accumulation and
boundary-layer separation. Leal (1989) pointed out that the recirculating wake behind
a bluff body with a smooth slip surface is created by vorticity accumulation. Flow
detachment occurs when the dimensionless surface vorticity, defined as ωr = ωD/U∞
with ω and D being the vorticity and diameter, reaches a critical value of 10.5. This
mechanism, however, plays only a minor role in the present study. The vorticity fields
presented in figure 9 indicate that the maximum vorticities are far less than 10.5 for all
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Figure 8. Temporal evolution of temperature and flow fields of LOX droplet vaporization in
supercritical hydrogen stream; p = 100 atm, U∞ =20m s−1, D0 = 50 µm. (a) t =4 µs, (b) 20 µs,
(c) 60 µs.

the cases considered herein. The formation of a recirculating wake for a supercritical
vaporizing droplet is predominantly caused by flow separation, as evidenced by the
streamlines in figures 7 and 8. The surface blowing effect resulting from droplet
vaporization separates the flow field into the inner and outer regions. A recirculating
eddy forms in the inner region when the incoming flow is sufficiently strong. Further
stretching of the droplet in the direction perpendicular to the incoming flow enhances
flow separation, and facilitates the growth of the recirculating eddy.

Much effort has been applied to the investigation of non-vaporizing droplet
deformation and breakup at low pressures (Hinze 1955; Ranger & Nicholls 1969;
Wierzba & Takayama 1988; Pilch & Erdman 1987; Hsiang & Faeth 1992). The
process can be characterized with two dimensionless parameters: the Weber and
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Figure 9. Vorticity distributions at different conditions; D0 = 50 µm. (a) p∞ = 100 atm,
U∞ = 2.5 m s−1, t = 200 µs; (b) 100, 20, 30; (c) 400, 5, 60.

Ohnesorge numbers. The former, defined as We= ρ∞D0U
2
∞
/
σ , represents the ratio of

aerodynamic force to surface tension, and the latter, defined as Oh =µd

/√
ρdD0σ ,

the ratio of viscous force to surface tension. For vaporizing droplets at supercritical
conditions, these two numbers approach infinity owing to vanished surface tension.
A new dimensionless parameter, denoting the ratio of aerodynamic to viscous forces,
is introduced herein to characterize droplet deformation.

We1/2/Oh = Re
µ∞

µd

√
ρd

ρ∞
, (5.1)

where the subscripts, d and ∞, represent the properties of the droplet and surrounding
fluid, respectively. This parameter is related to the Reynolds number and the ratios of
the viscosity and density between the ambient fluid and droplet. It usually decreases
with increasing pressure at a given Reynolds number. Table 3 presents some typical
values for the oxygen/hydrogen system at three different pressures. As depicted in
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Hydrogen at 1000 K Oxygen at 100 K

Pressures Density ρ∞ Viscosity µ∞ Density ρd Viscosity µd

(atm) (kg m−3) (10−5 N s m−2) (kg m−3) (10−4 N s m−2)

µ∞

µd

√
ρd

ρ∞

100 2.4 1.968 1118.2 1.721 2.47
200 4.7 1.972 1144.9 1.884 1.63
400 9.0 1.982 1184.3 2.187 1.04

Table 3. Thermophysical properties controlling supercritical LOX droplet deformation
in hydrogen stream.
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Figure 10. Effect of ambient velocity on time evolution of droplet residual mass; LOX/H2

system with p =100 atm and D0 = 50 µm.

figures 7 and 8 for D0 = 50 µm (also see figures 2 and 3 for D0 = 100 µm), droplet
deformation is enhanced by increasing the Reynolds number at a given pressure. The
same observation holds true for cases with the same Reynolds number, but decreasing
pressures. For example, the viscous stripping effect disappears when the pressure
increases from 100 to 400 atm at a fixed Reynolds number of 120 (Meng 2001).
Droplet fragmentation is only observed near the end of the droplet lifetime. At super-
critical conditions, it is the combined parameter We1/2/Oh that dominates the droplet
dynamics, instead of the individual Weber and Ohnesorge numbers that do not exist.

5.2. Droplet lifetime

An extensive parametric study was conducted to determine the droplet lifetime as
a function of ambient flow conditions. Figures 10 presents the effect of ambient
velocity on the temporal evolution of droplet residual mass, M , defined herein as
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Figure 11. Correlation of droplet lifetime as function of free-stream Reynolds number
and ambient pressure.

the mass confined by the isothermal surface at the critical mixing temperature,
for p = 100 atm. The initial droplet diameter D0 is 50 µm. In a slowly convective
stream, heat conduction plays an important role in determining the vaporization
characteristics. The rapid vaporization in the early stage of the droplet lifetime
results from the large temperature gradient near the droplet surface. The vaporized
oxygen then diffuses outward and hinders the penetration of the thermal wave into the
droplet, consequently rendering a slower vaporization rate. At high Reynolds numbers,
enhanced heat and mass transfer, along with severe droplet deformation caused by
the strong dynamic loading from the approaching flow, considerably facilitates the
vaporization process. The droplet disappears within a much shorter period of time. As
the pressure increases, the convective heat transfer also increases, since the free-stream
Reynolds number varies almost linearly with pressure. In addition, the critical mixing
temperature used to define the droplet surface decreases with increasing pressure.
These two combined effects apparently favour droplet vaporization at high pressure.

The overall result of droplet lifetime is presented in figure 11, where a simple
correlation is developed as

τf

τf,Re=0

=
1

1 + 0.155Re1.26(pr,O2
)−1.58

(0 < Re < 300, 1 < pr,O2
< 8). (5.2)

The Reynolds number, Re, is based on the initial droplet diameter, and pr,O2
is the

reduced pressure in reference to the critical pressure of oxygen (i.e. 49.74 atm). The
reference time (τf,Re=0) is chosen to be the lifetime of an isolated droplet vaporizing
in a quiescent environment, which can be obtained from Yang et al. (1994) and Lafon
(1995). Equation (5.2) can be compared with the classical Ranz–Marshall correlation
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(Ranz & Marshall 1952) for droplet vaporization in convective environments, which
takes the form

τf

τf,Re=0

=
1

1 + 0.276Re1/2Pr1/3
. (5.3)

The Ranz–Marshall correlation is only applicable to low-pressure conditions, and
shows a weaker Reynolds-number dependency.

5.3. Droplet drag coefficient

Because of the lack of a distinct gas/liquid interface at supercritical conditions,
droplet motion is best characterized based on the locus of the centre of mass, which
can be obtained from the first moment of inertia of the mass confined by the critical
mixing-temperature surface in reference to a fixed axis. The motion of a droplet is
essentially a result of net momentum transfer to it. Following common practice, the
drag coefficient is defined as follows:

CD =
M

dUdrop
dt

1
2
ρ∞(U∞ − Udrop)

2πR2
c

(5.4)

where (U∞ − Udrop) is the droplet relative velocity, and Rc the radius of the mass-
equivalent sphere with a uniform distribution of density at its initial value. The
denominator in (5.4) represents the aerodynamic loading. The total drag acting on a
droplet includes form, friction and thrust drag, of which form drag is usually found
to be the dominant component (Haywood, Nafziger & Renksizbulut 1989). Thrust
drag arising from the momentum transfer with the ambient flow due to evaporation
is negligibly small.

The drag coefficient of an evaporating droplet is usually smaller than that of a
hard sphere at the same Reynolds number (Yuen & Chen 1976). This phenomenon
may be attributed to the modification of the flow field and transport properties
in the vicinity of the droplet surface. The vaporization process often leads to a
thickened boundary layer, thereby reducing shear stress and resultant drag. Several
workers (e.g. Renksizbulut & Haywood 1988; Haywood et al. 1989; Chiang, Raju &
Sirignana 1992) have numerically studied this issue by solving the Navier–Stokes
equations for a spherical droplet at low to moderate pressures. No deformation
was considered, in order to simplify the analysis. The results lead to the following
correlation,

CD =
C0

D

(1 + B)b
, (5.5)

where C0
D is the reference drag coefficient for a hard sphere (Putnam 1961) and takes

the form

C0
D =

24

Re

[
1 + 1

6
Re2/3

]
. (5.6)

The coefficient b has a value of 0.2 in Renksizbulut & Haywood’s model (1988) and
0.32 in Chiang et al.’s model (1992). The Spalding transfer number defined below is
adopted to account for the effect of evaporation on drag coefficient,

B =
Cp (T∞ − Ts)

�hv

. (5.7)

Apparently, the above correlation becomes invalid in the present study of supercritical
droplet vaporization. The enthalpy of vaporization �hv diminishes to zero when the
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Figure 12. Effect of Reynolds number and pressure on droplet drag coefficient.

thermodynamic critical state is reached, rendering a singular value of the transfer
number.

To establish a generalized correlation for supercritical conditions, the instantaneous
drag force was calculated throughout the entire droplet lifetime for all the scenarios
under consideration. The data were then correlated through the use of a transfer
number BD , taking into account the rapid transient during the vaporization process,
defined as

BD =

(
T∞ − Tc

Tc − Tl

)
, (5.8)

where Tl is the instantaneous average temperature of droplet, and Tc the critical
mixing temperature. Since BD diverges at Tc = Tl at the end of droplet lifetime, the
calculation of drag force was terminated when Tc − Tl dropped below 1 K, at which
point the droplet residual mass is usually less than one-thousandth of the initial
mass. The influence on the accuracy of data reduction is quite limited. Following the
procedure leading to (5.5), a correlation shown in figure 12 for LOX droplet drag
coefficient is obtained.

CD =
C0

D

(1 + aBD)b
, (5.9)

where a and b are selected to be 0.05 and 1.592(pr,O2
)−0.7, respectively. The data

clusters along the classical drag curve, (5.6), in the low-Reynolds-number region, but
deviates considerably at high Reynolds numbers (i.e. Re > 10). Although a shape
factor may be employed to account for this phenomenon, which arises from the
increased form drag due to droplet deformation, the difficulty of calculating this
factor and conducting the associated data analysis precludes its use in correlating the
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drag coefficient herein. Instead, a simple correction factor Re0.3 is incorporated into
(5.9) to provide the compensation. The final result shown in figure 13 is

CD =
C0

DRe0.3

(1 + aBD)1.592(pr,O2
)−0.7 (0 < Re < 300, 1 <pr,O2

< 8). (5.10)

For a given ambient flow condition, the above correlation requires the transfer
function BD to determine the drag coefficient, which may become cumbersome in
practical analyses of spray field dynamics. For convenience, a correlation in terms of
the instantaneous droplet mass, instead of the transfer function BD , is established to
bypass this difficulty (Meng 2001)

CD =
A

Re0.24p1.164
r,O2

[
M

M0

]1/3

(0 < Re < 300, 1 < pr,O2
< 8), (5.11)

where the coefficient A is

A = 71
ρ∞

ρd

µ2
d

µ2
∞

. (5.12)

Equation (5.11) indicates that the drag coefficient always decreases with time
(∼ [M/M0]

1/3) in supercritical droplet vaporization. This differs from that of low-
pressure droplet vaporization without droplet deformation (Chiang et al. 1992), in
which the drag coefficient could either increase or decrease with time during different
stages of the droplet lifetime. It generally increases at the end of the vaporization
process as a result of the reduced Reynolds number. In supercritical LOX droplet
vaporization, the moving velocity of the droplet is relatively small compared with the
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free-stream hydrogen velocity. The reduction of the Reynolds number is not sufficient
to increase the drag coefficient.

6. Conclusion
The transport and dynamics of liquid oxygen (LOX) droplets in supercritical

hydrogen streams has been numerically analysed. The physical model treats the
complete conservation equations in an axisymmetric coordinate system, and accom-
modates thermodynamic non-idealities and transport anomalies in the transcritical
regime. The analysis enables a comprehensive investigation into droplet behaviour
over a broad range of fluid thermodynamic states and ambient flow conditions.
Various key processes involved in droplet vaporization in supercritical forced-
convective environments are identified, including flow structures, droplet dynamics
and heat and mass transport phenomena. In addition, a parametric study of droplet
mass and momentum transfer as a function of ambient pressure (100–400 atm) and
Reynolds number (0–300) is conducted. The resultant analytical correlations of droplet
lifetime and drag coefficient can be used effectively as a physical submodel in analyses
of high-pressure spray field dynamics.
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and in part by the US Air Force Office of Scientific Research. The support and
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